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We study the vacuum polarization tensor of QED (quantum electrodynamics) at high tempera-
tures up to the two loop levels and its effect on the electromagnetic properties of a medium. One loop
corrections to QED coupling vanish at low temperatures (T≤ 1010K), but they play an important
role at high temperature ( T≥ 1010 K) to study the behavior of QED medium at these tempera-
tures. At low temperatures ( T ≤ me)higher order loops give a tiny correction due to the coupling of
radiation with matter and an overlap of hot photon loop with cold fermion loop contributes to this
effect. These higher loop contributions does not affect the convergence of perturbative series, and
renormalizability of QED is guaranteed at temperatures around neutrino decoupling. We use the
renormalization scheme of QED at finite temperature in real-time formalism to study the dynami-
cally generated mass of photon indicating the plasmon production in such a medium. Temperature
dependence of this QED plasma parameters is discussed. We explicitly show that this behavior of a
thermal medium exists upto temperatures of a few MeV only. We compare the first order and second
order effects upto the 4MeV temperature and demonstrate that the higher order contributions are
smaller than the lower order contributions proving the renormalizability of the theory. The lowest
order contributions are sufficiently smaller than the original value as well.
PACS numbers: 11.10 Gh, 11.10.hi, 13.40 Ks, 05.10 Cc, 12.20.-m
Keyword: Vacuum polarization, Second order perturbation, Debye shielding, Plasmon effect
I. INTRODUCTION
In quantum field theory, thermal background effects are incorporated through the radiative corrections. Renormal-
ization of gauge theories [1-2] at finite temperature [3-11] requires the renormalization of gauge parameters of the
corresponding theory. The propagation of particles and the electromagnetic properties of media are also known to
modify in the framework of real-time formalism [7-9]. Masses of particles are shown to increase with temperature
at the one-loop level [11-22], the two-loop level [23-26] and presumably to all loop levels [27]. At the higher-loop
level, the loop integrals have a combination of cold and hot terms which appear due to the overlapping propagator
terms in the matrix element. Higher loop calculations are too cumbersome to be performed analytically using the
perturbation theory. Order by order cancellations of singularities [12] cannot be shown in the imaginary time for-
malism. Therefore, the effective potential approach at finite temperature [28] is used to study the overall effects.
However, renormalizability can only be tested in detail when order-by-order cancellation of singularities [29] is shown
in real-time formalism.
However, the gauge bosons acquire dynamically generated mass due to plasma screening effect [16-19], at the one-
loop level. It helps to determine the changes in electromagnetic properties of a hot medium. In hot gauge theories
me is the electron mass and corresponds to 10
10 K. The vacuum polarization tensor in order α (the QED coupling
parameter) does not acquire any hot corrections from hot photons in the heat bath [16] because of the absence of
self-interaction of photons in QED. The photon can only interact with the medium in the presence of electrons, which
decouple at high temperatures (≥ 1MeV or1010K). Some of the QED parameters have already been calculated for
such systems. The effective value of the electric charge increases due to the interaction of charge in the medium
and consequently leads to modifications in electromagnetic properties of a medium due to the enhancement in QED
coupling. These type of calculations are discussed up to the two loop level. These QED couplings at high density
can change an ordinary fluid in a relativistic plasma and give a nonzero value of dynamically generated mass [16-19],
which can be treated as a plasma screening mass and causes Debye shielding. We calculate the Debye shielding length
of QED plasma as a function of temperature for a QED system which can be identified as QED plasma.
In this paper, we use the renormalization scheme of QED in real-time formalism to calculate the parameters of QED
plasma in terms of thermally corrected renormalized values of electric charge, mass and wavefunction of electron [29].
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2These thermal contributions to the fundamental parameters of the theory help to determine the effective parameters
of the theory under given statistical conditions. In the real-time formalism, all the calculations are done in the rest
frame of the heat-bath to re-establish covariance at the cost of Lorentz invariance [7, 20]. The particle propagators
include temperature dependent (hot) term in addition to the temperature independent (cold) term [5]. At the higher
loop level, the loop integrals involve an overlap of hot and cold terms in particle propagators. This makes the situation
cumbersome and getting rid of these singularities needs much more involved calculations. Sometimes δ(0) type pinch
singularities appear in Minkowski space. Cancellation of singularities is not obvious, and this entire scheme works
perfectly fine for T < 4me up to the two loop level [26-28].
In the next section, we discuss the vacuum polarization tensor in different ranges of temperature up to the second
order in α. Section III is comprised of the calculation of the plasma parameters up to the two-loop levels. The plasma
screening mass and plasma frequencies up to the second order in alpha are discussed in section IV. We conclude this
paper by the discussions of application of these results to certain physical systems in section V.
II. VACUUM POLARIZATION TENSOR IN QED
The lowest order vacuum polarization diagram of QED is given in Fig. 1 and is essential to prove the renormal-
izability of QED at the lowest level of perturbation theory. This diagram mainly contributes to the QED coupling,
which is not affected at low energies.
FIG. 1: First order vacuum polarization diagram in QED: Photon produces a virtual electron loop during propagation which
can couple with the electrons of the medium.
The vacuum polarization tensor of QED as a function of photon momentum p and the loop momentum k is expressed
as:
Πµν(p) = e
2
∫
d4k
(2pi)4
γµSβ(k)γνSβ(k + p) (1)
and the fermion propagator is replaced by the thermally corrected propagator to incorporate thermal effects. The
thermal propagator of QED is calculated using the fermion propagator,
Sβ(k) =6 k[ 1
k2 +me2
+ 2pinF (k)]
with the fermion distribution function,
nF (k) =
1
eβk + 1
in usual notations. The absence of a photon propagator in Eq.(1) corresponds to the lack of hot electrons in
the propagating medium causing the lack of thermal contribution at low temperature. Whereas, at the two loop
level, there is an overlap of electron and photon propagators and the electron loops in vacuum can pick up thermal
corrections from hot photons in the background through cold electron loops as well. These small contributions do
not exceed the expansion parameter of the perturbation series before the decoupling of neutrinos take place. In the
presence of neutrinos, after decoupling, they can interact with radiation [30-32] and the relevant electroweak processes
cannot be ignored.
The vacuum polarization tensor of photon at the two-loop level gives the second order hot corrections to charge
renormalization constant of QED at low temperature. Second order corrections to the vacuum polarization are mainly
3FIG. 2: Second order vacuum polarization diagrams in QED. It includes second order corrections due to : (a) QED vertex
corrections , (b) electron selfmass and (c) is the counter-term.
described by three diagrams given in Figure 2. These contributions are calculated from QED vertex type corrections
Fig. (2a) and the electron self mass type corrections of Fig. (2b) inside the vacuum polarization tensor. In Fig. (2c),
the mass counter term has to be included in the vacuum polarization to cancel singularities.
The diagrams in Fig.2 are used to calculate the second order thermal contributions to the vacuum polarization
tensor due to the hot photon loops at low temperature, i.e., T  me . In this scheme of calculations, the vacuum
polarization tensor of photon in Fig. (2a) is given by
Πaµν(p) = e
4
∫
d4k
(2pi)4
∫
d4l
(2pi)4
tr[γµSβ(k)γρD
ρσ
β (l)Sβ(k + l)
γνSβ(k + l − p)γρSβ(k − p)], (2)
while Fig.(2b) is
Πbµν(p) = e
4
∫
d4k
(2pi)4
∫
d4l
(2pi)4
tr[γµSβ(k)γρD
ρσ
β (l)
Sβ(k + l)γσSβ(k)γνSβ(p− k)]. (3)
where the photon propagator is given as,
Dµνβ (l) = [
gµν
k2 +me2
+ 2pinB(l)]
with the photon distribution function,
nB(l) =
1
eβl − 1 .
Renormalization of QED is established by order-by-order cancellation of singularities [23-26]. Therefore the con-
tributions of all of the same loop-order diagrams are required to be added together to demonstrate the cancellation
of singularities. Due to the choice of the rest-frame of the heatbath, Lorentz invariance breaks (to maintain gauge
invariance) in real-time formalism. For this purpose, we need to get rid of hot divergences appearing due to the
presence of the hot loops without distributing them over the cold loops. The energy integration has to be performed
before 3- momenta integrals. Once the energy integration is done, the three dimensional momentum integrals can
even be performed using the techniques of covariant field theory in vacuum.
Due to the imposed covariance in the propagators, physically measurable contributions to the couplings can be
obtained in terms of longitudinal and transverse components of the polarization tensor through the contraction of
vacuum polarization tensor Πµν with g
µν in Minkowski space. As a result of this calculation, we obtain a nonzero
value of the longitudinal component (ΠL) due to the coupling of photon to the medium through the dynamically
generated mass.
Contraction of the 4-velocity of the heatbath uµ with the polarization tensor Πµν gives the longitudinal and
transverse components of this tensor while the photon is propagating through the medium and is calculated as:
uµuνΠµν(p, T ) = −2α
2T 2
3
(1 +
p20
2m2
), (4)
4and
gµνΠµν(p, T ) =
α2T 2
3
. (5)
Moreover, the longitudinal and the transverse components of the vacuum polarization tensor that can be calculated
from Eqs. (2) and (3) are:
ΠL(p, T ) = − p
2
|p|2u
µuνΠµν(p, T )
=
2α2T 2p2
3|p|2 (1 +
p20
2m2
), (6)
and
ΠT (p, T ) = −1
2
[ΠL(p, T )− gµνΠbµν(p, T )]
=
α2T 2
3
[
1
2
− p
2
|p|2 (1 +
p20
2m2
)]. (7)
These components of the vacuum polarization tensor are used to determine the electromagnetic properties of a
medium with hot photons and electrons. Light is transverse in nature in vacuum and even in a medium at normal
temperatures and densities. However, the nonzero value of the longitudinal component in Eq.(6) indicates that a
temperature dependent longitudinal component arises due to the self-interaction of photons at high temperature,
which is greater than 109 K and may exist in the early universe or inside stars. This longitudinal component indicates
the coupling of a photon with the medium through virtual photons and gives rise to a dynamically generated mass of
photon. This dynamically generated mass can be referred to as the plasma shielding mass and photon may be treated
as a plasmon due to this distinct behavior. This behavior is observed at high densities [18, 33, 34] at the one loop
level as well but we ignore it at the two loop level here.
III. ELECTROMAGNETIC PROPERTIES OF A MEDIUM
The QED coupling becomes temperature dependent due to the dynamically generated temperature dependent mass
of photon. Since the photon couples with the medium through vacuum polarization, it picks up thermal corrections
from the higher order coupling of radiation (photon) with matter (electron) in the medium. As a result of this
interaction, QED coupling start to increase with the rise of temperature.
A. Low temeprature properties
One loop corrections are only possible when T ≥ 1010K which is enough energy for a photon to produce an electron-
positron pair during its propagation and let the virtual electrons couple with the medium. Using the standard method
of evaluation of charge renormalization constant of QED [26], the electron charge renormalization constant can be
expressed as a quadratic function of temperature in the units of electron mass.
Z3 = 1 +
α2T
6m2
2
. (8)
Absence of the first order term in α corresponds to the absence of the photon loops [16, 23, 29] in the first order
diagram in Fig.1(as expected). The corresponding value of the QED coupling constant comes out to be
αR = α(T = 0)(1 +
α2T 2
6m2
). (9)
The electromagnetic properties of media depend on the coupling of photon with the medium and are determined
using techniques of quantum statistical mechanics. Then the parameters of the electromagnetic theory become a
5function of statistical variables such as temperature and chemical potential. One-loop corrections are not modified
at low temperatures, whereas the second order corrections minutely contribute at low temperature. Incorporating
the thermal loops, longitudinal and transverse components of the wavenumber due to the plasma screening mass of
photon show a quadratic temperature dependence. For this purpose, we take the limit |p| −→ 0 to obtain
κ2L −→ lim|p|−→0ΠL(0, |p|, T ) =
2α2T 2
3m2
, (10)
κ2T −→ lim|p|−→0ΠT (0, |p|, T ) =
α2T 2
2m2
. (11)
On the other hand if we set p0 = 0 with |p| −→ 0 the thermal contribution to the photon frequencies are given as:
ω2L −→ lim|p|−→0ΠL(|p|, |p|, T ) = 0, (12)
ω2T −→ lim|p|−→0ΠT (|p|, |p|, T ) =
α2T 2
6m2
. (13)
The difference between the longitudinal and transverse components of the vacuum polarization tensor in the limit
p2 −→ 0, measures the dynamically generated mass of the photon. Electromagnetic properties of a medium change
due to this radiatively generated effective mass.
B. High temeprature properties
At very high temperatures when (T ≥ 1010 K or T ≥ me), the two-loop level contribution of the order of T 2/m2e is
given as
Z3 = 1 +
2αT 2
3m2
+
α2T 2
6m2
+O
(
T 4
m4
)
. (14)
and in the limit |p| −→ 0, we get
κ2L −→ lim|p|−→0ΠL(0, |p|, T ) =
4αT 2
3m2
+
2α2T 2
3m2
+O
(
T 4
m4
)
. (15)
κ2T −→ lim|p|−→0ΠT (0, |p|, T ) =
α2T 2
2m2
+O
(
T 4
m4
)
. (16)
It can be clearly seen from Eq.(10) that there is no first order thermal contribution to κT at low temperatures,
whereas Eq. (15) has an α dependent term. On the other hand if we set p0 = 0 with |p| −→ 0, we obtain
ω2L −→ lim|p|−→0ΠL(|p|, |p|, T ) = 0, (17)
ω2T −→ lim|p|−→0ΠT (|p|, |p|, T ) =
αT 2
6m2
+
α2T 2
6m2
+O
(
T 4
m4
)
. (18)
It shows that at low energies, the longitudinal contributuion to frequencies vanishes at the first loop level. Therefore,
the plasma parameters can be found from the longitudinal behavior of photon.
6IV. DEBYE SHIELDING IN QED PLASMA
The plasma parameters in QED are calculated from κL from equations (10) and (15) for the relevant ranges of
temperature. Then Debye length is inversely proportional to κL such that
λD =
1
κL
(19)
giving the plasma screeninng length as,
λD =
√
3
2
m
αT
(20)
for low temperature. This shows that the plasma length will decrease with the rise in temperature, if everything else
remains constant. However, this expression will be modified for extremely high temperatures and Eq. (15) will be
substituted for κL giving,
λD =
[
4αT 2
3m2
+
2α2T 2
3m2
+O(T 4)
]−2
(21)
The dominent contribution to the Debye shielding is also due to the first order effect. The corresponding mass of the
plasmon can be calculated from k2 = κ2 − ω2
V. RESULTS AND DISCUSSIONS
We have previously noticed [16] that the low temperature (T≤ me) effects on the vacuum polarization tensor
vanish because of the absence of hot electron background. The selfmass of electron is thermally corrected due to the
radiation background. However, we have found that thermal corrections to vacuum polarization tensor are nonzero
at the higher loop level even at low temperatures because the cold electron loops can overlap with the hot radiation
loops and pick up tiny thermal corrections.
It is worth mentioning that the sizeable thermal corrections at high temperatures (T≥ me) are not always strong
enough to create QED plasma. High temperatures indicate large kinetic energy and the interaction may still be weak
enough to treat the system as an ideal gas. However, if the temperature is large and the volume is small, the mutual
interaction between electrons is negligibly small as compared to thermal energy of particles. Therefore, a detailed
study is required to understand the behavior of such systems which may have a plasma phase for a short time at
some particular temperature. However, due to the exponential dependence on temperature, we can use high or low
temperature limits for smaller changes due to the quadratic dependence in above equations (see Eqns.10-18).
Thermal corrections, which lead to the modifications in electromagnetic properties of a medium itself are expected
to give larger contribution at higher loop levels. However, most of these terms are finite and the order by order
cancellation of singularities [12] is observed through the addition of all the same order diagrams. However, the
renormalization of the theory can only be proved if covariant hot integrals are evaluated before the cold divergent
integrals on the mass shell. Once the hot loop energies are integrated out, the usual vacuum techniques of Feynman
parameterization and dimensional regularization can be applied to get rid of vacuum singularities. It is also worth-
mentioning that all the hot corrections give a similar T 2 dependence. The incorrect order of integration gives an
increased order of T due to the overlap with the vacuum divergences. This unusual behaviour of hot integrals
induces additional temperature dependent divergences due to the overlap of hot and cold terms. Whereas, the
usual regularization techniques of vacuum theory like dimensional regularization would only be valid in a covariant
framework. Higher order terms may then violate renormalizability with the inverted order of integration.
The presence of the statistical contribution of the photon propagator modifies the vacuum polarization and hence
the electron charge which leads to changes (though small) in the electromagnetic properties of the hot medium even
at low temperatures. Mass, wavefunction, and charge of electron are renormalized [29] in the presence of heat bath.
These renormalized values give the dynamically generated mass of photon and its effective charge in such a background
7modifying dielectric constant and magnetic permeability of a hot medium[29]. The longitudinal component of vacuum
polarization tensor ΠL vanishes at low temperature as p
2 −→ 0. However, the transverse component has an extremely
small additional thermal contribution and Eq. (7) reduces to,
ΠT (p) =
α2T 2
6
, (22)
It is worth-mentioning that in the real-time formalism, the propagator has two additive terms, the vacuum term
and the temperature dependent hot term. Therefore, in the second order perturbation theory we get a purely hot
term ( α2T 4/m4), purely cold terms ( T 0) and the overlapping hot and cold terms ( α2T 2/m2). These terms can
only be obtained in this formalism at the two-loop level. So, the overall result comes out to be a combination of all
of these terms. For example, Eq.(9) can be written as,
αR = α(T = 0)(1 +
α2T 2
6m2
+O(
T 4
m4
)). (23)
We restrict ourselves in the temperature range where the last term ( α2T 4/m4), is sufficiently smaller than the
second term ( α2T 2/m2), and Masood’s abc functions (ai(mβ)) can be evaluated for the extreme values. The
leading order contribution at low T is based on the perturbative expansion in QED and the first term should be
proportional to T 2/m2 in this expansion. The damping factor exp(−m/T ) appears in the effective action when all
the contributing terms are included simultaneously. We look at all these terms one by one and work for sufficiently
small range of temperature (for a few MeV) to get the simple and approximate results to evaluate some physically
measurable parameters. We ignore the magnetic field effect in this calculation. It is reasonable to demonstrate the
renormalizability of QED at low temperature. High densities and magnetic field, contributing to the potential energy,
change the scenario [30-34] and the plasmon effect may be studied at higher temperatures but higher order effects
with high magnetic field are still to be investigated.
A comparison of the one loop and two loops contributions of the transverse component of the photon frequency is
shown in Figure 3. It is clear that the second order contribution (broken line) is very small as compared to the first
order (solid line) contribution.
FIG. 3: Comparison between the first order and second order contributions to the square of photon transverse frequency ω2T .
A similar behavior is seen between the first order and second order contribution of the longitudinal component of
the wavenumber and is shown in Figure 4. It is clear that the second order contribution (broken line) is significantly
small as compared to the first order (solid line) contribution. It is evident from Figs, (3) and (4) that the wavenumber
of photon gets a much larger thermal contribution than the frequency. However, everything remains smaller than 1
up to the temperatures of 4MeV or so, and this temperature is expected a little before nucleosynthesis in the early
universe.
A comparison between Figs.3 and 4 shows that the thermal contributions to κ2L are smaller than the ω
2
T . We
compare the two loop contributions of κL and ωT in Fig. 5.
8FIG. 4: Comparison between the first order and second order contributions to the square of the longitudinal component of the
wavenumber κ2L.
FIG. 5: Comparison between the first order and second order contributions to κL and ωT .
It has been shown that the QED coupling behaves the same way in Fig.6. The one-loop thermal correction is much
more dominant as compared to the second order contribution which shows the validity of these calculations to prove
the renormalizability of the theory. Moreover it indicates the validity of the calculational scheme in this range. Fig.6
shows a comparison between two loop contributions with the corresponding second order contributions of the charge
renormalization constant. However, the temperature dependent contribution is smaller than other parameters.
Another interesting outcome of these calculations is Debye shielding in QED plasma, which is plotted as a function
of temperature in Fig.7. A comparison between the first order and the second order in α terms clearly demonstrates
(Fig.7) that the smaller values correspond to the first order term.It indicates the range of temperatures where plasma
phase can exist in QED.
In this paper, the first two orders and the second order contributions are compared to validate the renormaliz-
ability of QED between me ≤ T ≤ 10me. For this purpose, we plotted the charge renormalization parameter of
QED comparing the first two order contributions and the second order contribution only. The quadratic temperature
dependence of QED parameters dominates in the proposed temperature range and ensures the validity of renormaliz-
ability of QED. The vacuum polarization components, squares of longitudinal and transverse components of photon
frequency and momentum are all quadratic functions of temperature. However, the first order contributions indicate
the existence of plasmon due to the dominant radiative self-coupling of photon in this region of temperature, which is
found a little before nucleosynthesis and existed throughout the nucleosynthesis. Higher temperature behavior breaks
this plasma shielding due to high kinetic energy and photons do not have the ability to couple with the medium at
9FIG. 6: Comparison between the first order and second order contributions.
FIG. 7: Comparison between the first order and second order contributions.
lower temperatures. Therefore the plasmon does not exist outside this range of temperature unless the magnetic field
or high density contributions [18,33,34] are incorporated.
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